Introduction {#Sec1}
============

We study pricing problems in a game-theoretic model known as Stackelberg games or *Stackelberg pricing problems*. In this model, one player, the *leader*, chooses prices for a number of items and one or several other players, the *followers*, are interested in buying subsets of the items. The followers buy subsets that minimize their expenses subject to some constraints while the leader's goal is to maximize her revenue, which is determined by the sold items and their prices. We are interested in the complexity of computing leader-optimal prices depending on the constraints of the followers.

One line of research studies Stackelberg pricing problems where the followers' constraints are given by a combinatorial optimization problem. A well-motivated example of such a pricing problem was introduced by Labbé et al. \[[@CR15]\] to compute optimal road-tolls: A road network is modeled by a graph where the edges have costs that have to be paid when traveling along an edge. A subset of the roads or edges belongs to the leader and she can charge a toll which increases their costs. Each follower is given by two nodes *s* and *t* in the graph and chooses a minimal-cost path connecting *s* and *t*. The leader gains revenue in the amount of paid tolls. When deciding on the tolls, the leader has to make to following consideration: On the one hand, low tolls might fail to produce maximum revenue. On the other hand, a large toll might cause the followers to avoid a road entirely resulting in zero revenue. Since the followers "buy" a shortest path, this variant is called *Stackelberg shortest path*.

*Stackelberg minimum spanning tree* was analyzed by Cardinal et al. and Bilò et al. \[[@CR3], [@CR11], [@CR12]\]. The followers are again interested in subsets of a graph's edges, but the subsets have to form a spanning tree. This setting has applications, for example, when an internet service provider wants to connect hubs in a network. The leader charges additional costs for some of the edges and collects revenue if they are used by a follower (internet service provider). Moreover, *Stackelberg interval scheduling* models situations where the leader pays the follower to execute a set of jobs. The leader makes'make or buy'-type decisions (see \[[@CR6]\]).

Intuitively, the complexity of the pricing problem depends on the complexity of the followers' optimization problem. Stackelberg shortest path is hard to approximate within a factor of less than 2 (see Briest et al. \[[@CR7]\]) and Stackelberg minimum spanning tree was shown to be APX-hard. However, Stackelberg interval scheduling is solvable in polynomial time.

**Our Results.** We study Stackelberg pricing problems that are based on matroids. A matroid is a family of subsets over a ground set that is subject to a set of constraints. The constraints are a bit technical and we spare them for the next section. As an example, for a matroid, we can think of the subsets of a graph's edges that are acyclic. This matroid is called the *graphic* matroid. The inclusion-wise maximal subsets of a matroid are its *bases*. If the elements of the ground set are associated with weights, then a minimal weight basis can be computed by the greedy algorithm. The minimal weight bases of a graphic matroid are the minimum weight spanning trees of the associated graph.

For a Stackelberg pricing problem based on a matroid, the ground set is partitioned into two blocks. One block contains items[1](#Fn1){ref-type="fn"} that have *fixed-costs*. Think of these fixed-cost items as being offered by the leader's competitors. The second block contains the *priceable* items for which the leader chooses prices. Each follower comes equipped with a matroid over the ground set and is interested in buying a minimum weight basis. The weight of an item is either its fixed-cost or its price. Given prices, the decision which subset a follower buys can be computed by the greedy algorithm. If a follower buys a basis, the leader gains revenue for each contained priceable item in the amount of its price. The leader's goal is to maximize her revenue.

Finding a minimum weight basis of a matroid can be regarded as a rather simple problem since it can be done with the greedy algorithm. Therefore, it is surprising that the pricing problem based on the graphic matroid, Stackelberg minimum spanning tree, is APX-hard. To find cases that can be solved in polynomial time, we have to resort to even simpler matroids.

We study three different classes of matroids in two scenarios. For the simpler scenario, we assume that there is a *single* follower. Note that this scenario was studied in most of the literature on Stackelberg pricing problems so far. For the second scenario, there are *multiple* followers which implies a few questions regarding the availability of items and coordination between followers. We assume that the items are available in unlimited supply which makes coordination between the followers unnecessary. The leader sets one price for each item that is valid for all the followers.

The first class are *uniform* matroids. Here, followers are interested in buying a set of items that has a given size. Different followers may come with different sizes. There is no additional structure on the items and a follower buys a subset of his given size with minimum total weight. We show that leader-optimal prices can be computed in polynomial time for a single and the multiple followers. While the single follower scenario is quite simple, the multiple followers scenario requires a dynamic programming approach.

Second, we consider *partition* matroids which generalize uniform matroids. A follower is associated with a partition of the ground set into blocks. For each block, the follower buys a subset of a given size. Different followers may be associated with different partitions and sizes. We show that computing leader-optimal prices for a single follower can be done in polynomial time. For the multiple followers, this computational task is NP-hard.Table 1.Summary of our results on matroid based Stackelberg pricing problems. The results on Stackelberg minimum spanning tree (MST) appear in \[[@CR11]\].Single followerMultiple followersUniformpoly-timepoly-timePartitionpoly-timeNP-hardLaminarpoly-timeNP-hardMSTAPX-hardAPX-hard

The third class are *laminar* matroids which generalize partition matroids. A laminar matroid is based on a hierarchical family of subsets of the ground set, i.e., two subsets of the family are either disjoint or one is contained in the other. Such a hierarchical family is also called a laminar family. For each of the subsets of the laminar family, a follower has an upper bound on the number of items that he wants to buy from this subset. Finding leader-optimal prices has the same complexity for laminar matroids as it has for partition matroids.

Table [1](#Tab1){ref-type="table"} summarizes our results. The organization of the paper is as follows. In the next section, we give a more careful definition of matroids and Stackelberg pricing problems. In Sects. [3](#Sec3){ref-type="sec"} and [4](#Sec4){ref-type="sec"}, we show how to solve Stackelberg uniform matroid with multiple followers and Stackelberg laminar matroid with one follower, respectively. Section [5](#Sec5){ref-type="sec"} shows that Stackelberg partition matroid is hard with multiple followers. For the missing proofs, we refer to the full version of the paper. Finally, Sect. [6](#Sec6){ref-type="sec"} discusses directions for future research.

**Related Work.** Additional literature includes surveys on Stackelberg shortest path by van Hoesel \[[@CR20]\] and Labbé and Violin \[[@CR16]\]. Roche et al. \[[@CR18]\] present an algorithm with logarithmic approximation guarantee. The best lower bound is due to Briest et al. \[[@CR7]\] showing approximation hardness within a factor of less than 2. This is an improvement over APX-hardness by Joret \[[@CR13]\].

A Stackelberg shortest path tree game was studied by Bilo et al. \[[@CR4]\] and Cabello \[[@CR10]\]. Briest et al. \[[@CR9]\] give a polynomial time algorithm for Stackelberg bipartite vertex cover game which was later improved by Baïou and Barahona \[[@CR1]\].

Briest et al. \[[@CR9]\] give a *log*(*k*) approximation algorithm for Stackelberg pricing games where *k* is the number of items. Independently, a slightly more general result was obtained by Balcan et al. \[[@CR2]\]. Their algorithms use a single price strategy which was studied in a more general setting by Böhnlein et al. \[[@CR5]\].

Briest et al. \[[@CR8]\] study Stackelberg pricing games where the follower is based on a NP-hard optimization problem and runs a known approximation algorithm.

Preliminaries {#Sec2}
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A follower's decision is the solution to an optimization problem (given a price function). When the leader decides on the prices, she is aware of the fixed-cost items and their costs as well as the followers' objective functions and feasible subsets, i.e., we are in a full information setting. Moreover, we assume that each follower has a feasible subset that does not contain any priceable items; otherwise, the leader's revenue is unbounded. If there are multiple followers, we assume that items are available in unlimited supply."[stackelberg pricing]{.smallcaps}**Input:** A ground set $\documentclass[12pt]{minimal}
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Matroids are a well-studied combinatorial structure (cf. \[[@CR17]\]). The *bases* of a matroid $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}$$\end{document}$ are its inclusion-wise maximal elements. For example, the acyclic subsets of the edges of a graph *G* form a matroid. It is called the graphic matroid and its bases are the spanning forests of *G*.
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**Stackelberg Matroid** is an instance of [stackelberg pricing]{.smallcaps} where followers are given by a matroid and buy a minimum weight basis. Cardinal et al. \[[@CR11]\] show that [stackelberg pricing]{.smallcaps} based on the graphic matroid is APX-hard.

Theorem 2.1 {#FPar1}
-----------

**(Cardinal et al.** \[[@CR11]\]**).** [stackelberg matroid]{.smallcaps} with one follower is APX-hard.
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Lemma 2.1 {#FPar2}
---------

**(Cardinal et al.** \[[@CR11]\]**).** There is an optimal price function that uses only values of the cost function *c*.
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Uniform Matroid {#Sec3}
===============
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The second part of Observation [1](#FPar5){ref-type="sec"} follows from Lemma [3.1](#FPar3){ref-type="sec"}.

To convince ourselves that an optimal price function does not have to be constant when there are more than one followers, we consider a small example. Assume that there are 4 items with fixed-costs $\documentclass[12pt]{minimal}
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From the small example, we get the intuition that an optimal price function *p* can have several steps (assuming a non-decreasing ordering of the function's values). To determine these steps or equivalently the step-lengths, we use dynamic programming. We construct an algorithm based on solving elementary cases, in which the leader sells *a* many priceable items $\documentclass[12pt]{minimal}
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Proof {#FPar7}
-----
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Lemma 3.4 {#FPar10}
---------
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Theorem 3.1 {#FPar11}
-----------

[stackelberg uniform matroid]{.smallcaps} with multiple followers can be solved in polynomial time.

Laminar Matroid {#Sec4}
===============

We continue with positive results showing that [stackelberg matroid]{.smallcaps} based on laminar matroids can be solved in polynomial time if there is only one follower.
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Definition 4.1 {#FPar12}
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                \begin{document}$$\lambda _{x,Q^-,Q^+}^{M_i}$$\end{document}$, we can compute the optimal revenue. Note that each basis of a matroid has the same size and that we can compute this size by computing a basis for any price function.

Lemma 4.1 {#FPar14}
---------

Let *b* be the size of a basis of $\documentclass[12pt]{minimal}
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                \begin{document}$$M_i$$\end{document}$ with the smallest weight under price function *p*. The priceable items are preferred in this selection.

Definition 4.3 {#FPar15}
--------------
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _{x,Q^-,Q^+}^{M_i}$$\end{document}$ for the minimal sets $\documentclass[12pt]{minimal}
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Lemma 4.2 {#FPar16}
---------
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_i \in \mathcal {F}$$\end{document}$ be minimal, $\documentclass[12pt]{minimal}
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                \begin{document}$$p \in \mathcal {P}[M_i]$$\end{document}$. Moreover, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^-,Q^+\in \mathcal {P}_{\infty }$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$ \textstyle \lambda _{x,Q^-,Q^+}^{M_i} = {\left\{ \begin{array}{ll} \max J_{x,Q^-,Q^+}^{M_i} \cdot Q^-, &{} J_{x,Q^-,Q^+}^{M_i} \ne \emptyset , \\ - \infty , &{} \text {otherwise} . \end{array}\right. } $$\end{document}$$
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*Non-minimal elements.* We show how to compute $\documentclass[12pt]{minimal}
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Definition 4.4 {#FPar17}
--------------
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Lemma 4.3 {#FPar18}
---------
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                \begin{document}$$ \textstyle \lambda _{x,Q^-,Q^+}^{M_i} = \max \left\{ \sum _{j=1}^{s} \lambda _{\bar{x}_j,\bar{Q}^-_j,\bar{Q}^+_j}^{N_i} : (\bar{x},\bar{Q}^-,\bar{Q}^+) \in \varLambda _{x,Q^-,Q^+}^{M_i} \right\} . $$\end{document}$$

With Lemma [4.3](#FPar18){ref-type="sec"}, we are able to compute all values of $\documentclass[12pt]{minimal}
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Theorem 4.1 {#FPar19}
-----------

[stackelberg laminar matroid]{.smallcaps} with one follower can be solved in polynomial time.

It follows that [stackelberg partition matroid]{.smallcaps} with one follower can be solved in polynomial time since laminar matroids generalize partition matroids.

Partition Matroid {#Sec5}
=================
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It follows that [stackelberg laminar matroid]{.smallcaps} with multiple followers is also NP-hard since partition matroids are a special case of laminar matroids.

Proof (incomplete) {#FPar21}
------------------
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To complete the proof, we show (in the full version of the paper) that our [stackelberg partition matroid]{.smallcaps} instance admits revenue of at least $\documentclass[12pt]{minimal}
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The decision version of [stackelberg partition matroid]{.smallcaps} is NP-complete since we can compute the leader's revenue for a given price function and compare it to a threshold. Moreover, our reduction covers several special cases. Note that we used only two different fixed-cost values and that the partition of each follower contains only 2 blocks.

Conclusion and Future Work {#Sec6}
==========================

We make progress towards the more general question of determining the complexity of a Stackelberg pricing problem depending on the complexity of the underlying (follower) optimization problem. With the uniform matroid we identified a case that is solvable in polynomial time if there are more than one followers. We are not aware of another Stackelberg pricing problems of this kind.

A direction for further research is to consider the multiple followers scenario where the items are available in limited supply. Intuitively, pricing problems become harder in this setting (cf. \[[@CR2]\]). Several models on how the followers coordinate themselves can be considered. For example, there might be a fixed order in which followers buy a subset of the available item.

We call the element of the ground set items.
